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1. Introduction

In previous reports, we proposed 1D drift kinetic equations with periodic boundary
conditions, adequate for the closed field line region of the edge. In this report, we discuss
a minimal 1D drift kinetic model with wall boundary conditions that represents open
field lines. The basic drift kinetic model is presented in section 2, and the wall boundary
conditions are discussed in section 3. We then proceed to determine the novel moment
drift kinetic equations for ions and neutrals in section 4, and for electrons in section 5.
The electrons have to be treated differently so that we can exploit the expansion in the
electron-ion mass ratio. We finish with a discussion in section 6. Some of the details of the
collision operators in the moment drift kinetic formulation are relegated to appendices
to make the main text easier to read.

2. 1D electrostatic drift kinetics

We consider a plasma with one ion species with charge e and mass m;, electrons with
charge —e and mass m., and one species of neutrals with mass

My = M. (2.1)

The plasma is magnetized by a constant magnetic field B = Bz, and we assume that
the plasma only varies along magnetic field lines. In this case, the electric field produced
by the plasma is electrostatic, E = —(9¢/0z)z. The potential ¢(z,¢) depends on the
position along magnetic field lines z and on time t.

If we assume that the gyroradii are small compared to the length scales of interest,
and that the gyrofrequencies are much larger than the frequencies that we want to model
(Hazeltine 1973), the distribution functions f,(z,v|,v.,t) of the different species s =
i,e,n only depend on the component of the velocity parallel to the magnetic field v and
the magnitude of the velocity perpendicular to the magnetic field v , and are independent
of the direction of the velocity perpendicular to the magnetic field. Thus, the distribution
functions that in general can depend on three spatial variables r, three components of
the velocity v and the time ¢ depend only on z, v, v, and ¢,

fs(ravat):fs(zvvﬂavlat)' (22)
The equations for the distribution functions of the different species are

of; n afi e 09 0f;
ot Y 0z m; 0z Oy

= Ciilfil + Cinlfi, ful + Ciionlfe, ful + Ciclfi, fe] + Ss, (2.3)
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and

Ofn O fn

8t +v G-y B :Oni[fnafi]+Cne[fn7fe]+Cn,ion[fnafe}+Sn- (25)

The sources S,(z,w|,w1,t) with s = i,e,n represent heating, fueling and the effect of
transport perpendicular to the magnetic field line.

We have included the following collisions.

e Jon-ion and electron-electron collisions are modeled by the Fokker-Planck collision
operators Cy;[f;] and Cec[fe] (Rosenbluth et al. 1957),

2met lnA
Css[fs] = W ( [fs} vvfs +P[fs]fs)7 (26)
where the matrix D is
v—v [ I—(v—-v)(v-V)
Dif = [ T Fu() &% (27)
and the vector P is
PIf] = —9 Vv a3’ 28
[fs] T ‘V—V’|3fS(V) v. ( . )
Here, I is the 3D unit matrix, ¢y the vacuum permittivity and In A ~ 15 the Coulomb

logarithm.

e The effect of electron-ion and elastic electron-neutral collisions on the electron distri-
bution function can be simplified in the limit of small electron-ion mass ratio, m./m; < 1.
With this expansion, we find the simplified Fokker-Planck collision operator

2metn; In A v — ]’ T — (v — ) (v — ;)
(4mep)?m?

Cei[feafi] = 'vae (29)

|V—1,li|3

for electron-ion collisions (Braginskii 1958), and the simplified Boltzmann collision oper-
ator

T 2
Cenlfes fn] == 7;/ dx . de sin X Ren (|v — s, X) [fe(V(V, X, 0, 1n)) — fe(V)]

0
(2.10)
for electron-neutral collisions. Here

ng(z,t) := 271'/ de/ dvy vy fo(z,v),v1,1). (2.11)
—00 0

is the density of species s, us := n; ' [ vf, d3v is the average velocity of species s,
V(V, X, 0, up) :=u, +cos x(v—uy,) + |v — u,|sin x(cos ¢ & + sin p &) (2.12)

is a rotation of the vector v centered around uy,, Re,(|v—uy], X) is a function determined
by the physics of the electron-neutral collisions, and the unit vectors €, and €5 are chosen
to form an orthonormal basis with the vector (v — u,)/|v — u,|. In equation (2.4),
we have indicated that both C,; and C¢, are missing pieces small in m./m;. These
pieces can become important because they represent collisional energy exchange and
collisional heating, but they are cumbersome. The moment method that we propose in
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this document will allow us to keep these important effects even with the simplified
collision operators (2.9) and (2.10).

e The expansion in electron-ion mass ratio also implies electron-ion collisions and
electron-neutral collisions have a very small effect on f; and f,, — the terms C;. and
Chre in equations (2.3) and (2.5) are small compared with Cj; and C,; by a factor of

Vme/m; < 1,
Cie ~ “ e Cii7 Cne ~ “ e Cni- (213)
m; m;

Like the mass ratio corrections to Ce; and C.,, these terms can become important because
they contain the collisional energy exchange between electrons and the heavier species.
We will keep these effects in a simplified form in our moment formulation.

e Charge-exchange collisions are represented by the simplified Boltzmann collision
operators

Cinlfi, fn] = —/Rm(\v V)V (V) = fi(V) (V)] @0 (2.14)
and
Cri[fns fi] = —/Rm(lv — V) () (V) = fu¥) fi(v)] @ (2.15)

e To model ionization, we use the collision operators

Oi,ion[fea fn] = fn/Rion(U/)fe(V/) d?o’ (216)
and
Cn,ion[feafn] = _fn/Rion(U/)fe(V/) d3'U/~ (2'17)

We also need to include a collision operator C, jon in the electron equation to model the
increase in the number of electrons and the energy loss due to ionization. This operator
is complicated because it involves three particles (the resulting ion and two electrons),
but we will be able to avoid giving it a definite form. Instead, we will use the expansion
in m./m; < 1 and the fact that

Ce,ion[fea fn] ~ nnRionfe- (2'18)

e We have neglected neutral-neutral collisions because, in current fusion devices, the
neutral density is sufficiently small that the neutral-neutral collisions are rare. It is pos-
sible that the higher densities expected in fusion reactors will make neutral-neutral colli-
sions more relevant. To include neutral-neutral collisions, a Boltzmann collision operator
is in principle required, but using a simplified collision may be possible if the exact shape
of the neutral distribution function is not important for the physics of interest.

To simplify our equations, we assume that the functions R.,, R;, and R, are constant
(Connor 1977; Hazeltine et al. 1992; Catto 1994), finding

Cen[fea fn] = nnRen

1 (7 . .
5 [ fele v = wafcosyi v = wafsinx ) sin v
0

—fe(Z,U”,UL,t) , (2.19)
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with |v —u,| = \/(UH — up))? + 07,

Czn[fu fn} = —R;, (nnfi - nz.fn) ) (220)
Cni[f'ru fz] = _Rin (nzfn - nnfl) s (221)
CVi,ion [fev fn} = fnneRion (222)
and
Cn,ion[fea fn] = _fnneRion- (223)

The potential ¢(z,t) is determined by the quasineutrality equation
n; = Ne. (2.24)

To solve this equation, we need to treat the equations implicitly as the potential enters
only via its effect on 9f; /9t and 9 f./0t. The need to use implicit methods is one of the
reasons why we are trying to extract some of the low order moments from the distribution
function.

3. Wall boundary conditions

The kinetic equations will be solved in the interval z € [0, L], and we will impose wall
boundary conditions at z = 0 and z = L. We assume the wall to be exactly perpendicular
to the magnetic field lines to be able to impose a set of simplified boundary conditions:
the logical sheath boundary conditions of Parker et al. (1993). When the magnetic field
is at an angle to the wall, one needs to consider a thin boundary layer with a width of
the order of the ion gyroradius that forms on the wall and is known as the magnetic
presheath (Chodura 1982). The complicated boundary conditions that this layer imposes
on drift kinetic models are an active area of research (Geraldini et al. 2017, 2018, 2019;
Geraldini 2021). These works indicate that the magnetic presheath and the Debye sheath
must be solved in conjunction with the quasineutral plasma, but this is not necessarily
computationally expensive as the presheath and sheath models are 1D or at most 2D,
and hence cheaper than the 5D drift kinetic models that one needs for edge turbulence.
The technique proposed by Geraldini et al. (2018), for example, solves the magnetic
presheath in a single processor in seconds, and this technique can be parallelized.

Logical sheath boundary conditions make use of the fact that a thin sheath of non-
neutral plasma with a width of the order of the Debye length forms on walls to ensure
quasineutrality. The potential drop across this sheath repels electrons away from the wall
because otherwise electrons would flow to the wall at much greater rate than ions due to
their lower mass and higher thermal speed. In our model, ¢(0,t) and ¢(L, t) are not the
potential of the wall, but the potential at the entrance of the sheath. In this report, we
choose the potential of the wall at z = 0 to be 0 without loss of generality. We denote
the potential of the wall at z = L as ¢,,. Then, for the sheaths to repel electrons, ¢(0, t)
must be larger than 0 and ¢(L,t) must be larger than ¢,,.

The value of the potential at z = 0 and z = L is determined by requiring that the
current towards the wall at both z = 0 and z = L vanishes. We consider the sheath at
z = L first, and we will then apply the results that we obtain to the sheath at z = 0.
Since the thin sheath at z = L imposes a large electric field perpendicular to the wall,
which in this case is along the magnetic field B = Bz, the sheath only modifies the
parallel velocity of electrons. Within the sheath, the parallel energy &) := mevﬁ /2—e¢is
conserved, and as a result an electron that has velocity v at the entrance of the sheath
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is slowed down to a parallel velocity \/ vﬁ — 2e(éd(L,t) — ¢w)/me when it reaches the

wall. Thus, electrons with parallel velocity larger than /2e(¢(L,t) — ¢,)/m. reach the
wall, where they recombine with ions, whereas electrons with parallel velocity smaller
than /2e(¢(L,t) — ¢y)/me are repelled back into the quasineutral plasma. Thus, the
boundary condition on the electron distribution function at z = L is

Je(L,—v,vy,t) for v > —\/26(¢(L7t) — duw)/mMe, (3.1)
0 for v < —\/2€(¢(L,t) - ¢w>/m67 '

i.e. the electron distribution is mirrored with respect to v = 0 and a cut-off is imposed
for sufficiently negative parallel velocities. Note that no boundary condition is needed for
v > 0 at z = L because of the direction of the characteristics of the kinetic equation.
Expression (3.1) also gives the electron current density towards the wall at the entrance
of the sheath at z = L,

Joy(Lot) = —2re /

fe(L,vH < O,’UL,t) = {

(oo}

d’U“ / dv 'UJ_’U||fe(L,U”7’UJ_,t). (3.2)
(&(Lst)=bw)/me 0

2e

This is the electron current density at the wall because electron flow is conserved across
the sheath. Imposing that the electron current cancels the ion current gives us a nonlinear
equation for the potential difference ¢(L,t) — ¢y,

27T/ dUH / dv UJ_U”fe(L,UH,UJ_,t)
2e(¢(L,t)—¢w)/me 0

o0 o0
= 27r/ de/ dv vy vy fi(L, v, v1,t). (3.3)
0 0

To obtain the ion current, we have used the fact that the sheath attracts ions and hence
no ions can have negative parallel velocity at the entrance of the sheath at z = L.

The conditions at z = 0 for the electron distribution and the potential are similar to
those for z = L. For the electron distribution function, we find

_J fe(0,—vy,vp,t)  for vy < /2e9(0,1)/me,
fe(O, 0y > 0,01, 1) { 0 for v > \/2e¢(0,t)/me, (3.4)

and for the potential we obtain

—1/2e¢(0,t)/me
277/

— 00

dUH/ dv ’ULUer(O,’U”,UL,t)
0

0 00
= 27‘(‘/ dv” / dv Ulv”fi((),vu,vl,t), (3.5)
—o00 0

Note that conditions (3.3) and (3.5) imply that no net electrical current is leaving the
system. Thus, the total source of charge in the magnetic field line of interest must be

Z€ero,
L L

/ dz/Si d%:/ dz/Se d3v. (3.6)
0 0

We still need boundary conditions for the ion and neutral distribution functions. Tons
recombine when they hit the wall, so no ions come back, giving

fi(0,v > 0,v1,t) =0, fi(L,vy <0,vL,t)=0. (3.7)

The neutrals hit the wall and thermalize at the temperature of the wall T,, while also
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receiving back the ions that have recombined at the wall,

fu (0,0 > 0,v1,t) = Lofrw(vp,ve),  fu(L,v) <0,v1,t) =T frw(y,ve),  (3.8)

where

Z 27‘(‘/ d?]”/ d'UJ_ UJ_|’UH|f5(O UH,UJ_, ) (3.9)

s=i,n

and

FL = Z 27T/ d’UH/ dUJ_UJ_'UHfs(L 'U”,'UJ_, ) (3.10)

S= ZTL

are the fluxes of neutrals and ions towards the walls at z = 0 and z = L. Here,

2 2, 2
3 (m; v | m; (v + 1)
Jrw(vy,vL) = () ———exp | — (3.11)
Am Tw /vﬁ + vi 2T

is the Knudsen cosine distribution (Knudsen 1916) that assumes that the particles have
entered the wall lattice, have reached thermodynamic equilibrium with it, and have then
left the wall. Knudsen showed that this distribution function fits experimental measure-
ments well.

4. 1D moment drift kinetics for ions and neutrals

Instead of solving for fs(z,v),v.,t) with s = i,n, we solve for

vts<z t)

ns(z,t)

where we have defined the normalized velocities

F(z,w,wy,t) = fs (z ug) (2, 1) + vis (2, Dw), ves (2, t)uu_,t), (4.1)

U — Ug|| (Z, t)

W@t = " (4.2)
and
v
wl(z7vlat) = v (Z t)? (43)

the average parallel velocity

SH zZ, t / d’UH/ d’UL ’UL’Uqu(Z ’UH,UL, ) (44)

and the thermal speed

vgs(2,t) == %?t)v (4.5)
with
T (Z t / d’UH / d”UL U [(U” — U5|§Z t)) i UL] f (Z UH,”UL, ) (46)

the temperature of species s. According to its definition, Fi(z,w, w1 ,t) must satisfy the
conditions

277/ de/ dw . wJ_Fs(z,wH,wJ_,t) =1, (4.7)
—o00 0
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271'/ d’LUH/ dwlewHFs(z,wH,wL,t) =0 (48)
—o00 0
and

oo oo 3
27T/ dw / dw, ’LUJ_(U)ﬁ‘i‘U]i)FS(Z,'LUH,U)J_,t) =3 (4.9)
—0o0 0

at every point z and time t.

4.1. Ion equations

The equations for n;, u; and T; are

8%2' 0 - 33
5 + 9 (nlui”) = NypNeRion + /Szd v, (4.10)

Ouy) Ouy) i) 9%
n;m; ( o T Wil ) =, iy, i (N Rin 4 M Rion ) (U — q)p)

+/mi(v“ —ui”)Si dS’U (4.11)

and

+ §nz(nn]:im + neRion)(Tn - Tz)

0z Pi 0z 2

3 (9%, 0T _ Ya _ Ou
2 ot gy ) T

1 1
+ 1M (N Rin + ne Rion) ()| — ui”)Q + / §mi\v - uiHi\ZCie d3v

2
1 2 3 3
+/ (2m,;|v — ) 2|° — 2Ti) S;d%v. (4.12)
Here, we have defined the parallel pressure
o) o0
s [Fs, 15, 03] (2, £) 1= 2mngmivy, / dw) / dw, 'lUJ_wﬁFS(Z7/LUH,'IUJ_7t) (4.13)
—oo 0

and the parallel heat flux

o0

qs|| [Fsa Ns, ’Uts](Z, t) = 7TnsWLsrU?s /

— 00

de/ dw; wlwu(wﬁ—|—w2l)Fs(z,wH,wL,t).
0

(4.14)
We have also included the term (1/2) [ m;|v — u;z[*Cic d®v due to collisions with elec-
trons. Collisions with electrons are negligible to lowest order in \/m./m; in the ion
kinetic equation and thus cannot determine the lowest order distribution function Fj,
but when collisions are sufficiently frequent that v;;L/vy; 2 +/mi/m. > 1, the term
(1/2) [ mi|v — uy2|*Cie d3v becomes comparable to the other terms in the energy equa-
tion. Here,

~8V2m  e'n;lnA
3 (4meo)2miv}
is the ion-ion collision frequency as defined by Braginskii (Braginskii 1958). At the large

collision frequencies required for the term (1/2) [ m;|v —u;2[*C;e d®v to be relevant, the
ion and electron distribution functions become close to a Maxwellian,

2 2
ns (o —usp)” + 01
fs = fus = exp <— .
w20 :

Uts

Vi * (415)

(4.16)
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Thus, we can use the approximation

1 . . 1 .
/imi‘v - Uz‘HZ\QCie[fi, fe] d?v ~ /§m1'|v - U¢||Z|20ie[me fMe] d®v
3nemeyei
~ Ve 1), (4a7)

m;

where

167 e*n;lnA
ei — 4.18
g 3 (4mep)2mv}, (4.18)
is the electron-ion collision frequency as defined by Braginskii (Braginskii 1958). Note
that Braginskii’s definitions of v;; and v,; differ by a factor of v/2.

The ion kinetic equation is

OF; oF; OF; . OF; .
i T Wi — in— =Fi +Cii +Cin + Cijion + Si. 4.19
5 g, T Ju; g + Cii + Cin + Cijion + (4.19)
Here, we have defined the coefficients
és[Fs,uS”,’Uts}(Z,wH,t) = Ug|| T UtsW)), (420)
: 1 Op
W) [Fs, g, g, ves) (2, W), 1) 1= P — 8ZH
2w 8qs‘| 3 2 aUsH 9 OVt
- - (421
3nsmsvd [ Dz T \Pell TRl | 5 Y79z (4:21)
. QwJ_ 8(]5” 8”5” 8vt5
stv s Us||s Uts\ < ) 1) = s - — (4.22
W15 [Fos My sl vis] (2, w0y, 01, ) 3nsmsvz, ( 0z +Ps| 0z Iy, ( )

and

: Oves  gs ONg
Fo[Fy,ng, ug), ves] (2, w),wy, t) := lw| (3 92 n. 02

2 (% (L2 Ot
nsmsvi, \ 0z Psll = gNssts | =5

We have also defined a modified source S; and several modified collision operators. The
modified source is given by

F.. (4.23)

Ss[SmFs; ns7us|\7vts](zaw|\awlvt)

F 3
= |: /Ss Bo — bss(zvusH + ’Utsw|,’UtsU}J_,t):|
Ns Ns

4 1 3 w) / R ,
o {F (nsvts /(U” val)Se vt gt J AV el = g ) Sad

1 2F,
0 {wl . /<|v—us||i2 — 2vfs> S d%}. (4.24)

wy Ow, | 3ngvd,

Note that the differential terms in this modified source could have been included in the
definitions of the coefficients w;, w1; and F;, but we have decided to make them part
of a modified source instead to separate the effect of the source clearly. We will do the
same for collisions. This split should not be taken as a suggestion on how to implement
these terms in a code. The modified collisions operators are described in Appendix A.
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4.2. Neutral equations

The fluid equations for the neutrals are

on, 0
ﬁ + a (nnunH) = —NpNeRion + /Sn d3U7 (425)

ou,, ou,, op,,
MMy ( I + Up| l) = 2Pnl + i min Rin (U — ty))

ot 0z 0z
+/mi(v|‘ —unH)Sn 3o (4.26)
and
3 o1, oT, _ 3(]“” 8un” 3
o (i o) = o g G (Ti— T)

1 1 R -
+§nnmmiRm(unH — uiu)z + / §m,;|v — un”z\zCne d3v

1 3
+/ <2miv — up2|* — 2Tn> S,, dv. (4.27)

As with electron-ion collisions, the term (1/2) [m;|v — ) 2[*Cpe d*v only becomes im-
portant when the collisions are sufficiently frequent that the distribution functions are
close to Maxwellians, giving

1 . 1 R
/§mi|v_un|\z|20ne[fn7fe]d3’v2/imi|v_un\|z|2cne[f]\/lnane]d3'U

n B en op gy (g 9g)

m;
The neutral kinetic equation is
OF, OF, OF, OF; .
ot Tz 0z + U}H 8wH L 8wJ_ + + ( )

The modified charge exchange collision operator C,; is described in Appendix B.

Equations (4.19) and (4.29) for F; and F,, are constructed such that conditions (4.7),
(4.8) and (4.9) are satisfied at all times if they are satisfied at ¢ = 0. In practice, this
property has to be enforced in the numerical method. We have found an algorithm that
works well and we have discussed it in report 2047357-TN-04-02 M2.2.

4.3. Boundary conditions

These equations for ions and neutrals have to be solved with the boundary conditions in
equations (3.7) and (3.8). For ng, uy), vss and Fy known at time ¢, we can construct f
at z =0 and z = L, and we can apply boundary conditions (3.7) and (3.8). We can then
use the resulting fs to obtain ng, uy), v and Fy, and to calculate py and g, closing
the system of equations.

We note that this is the only place where the full distribution function f; is needed.
Depending on the numerical method chosen to solve these equations, reconstructing f;
could be expensive. This is one of the problems that needs to be addressed in the proxy

apps.
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5. 1D moment drift kinetics for electrons

The equation for F, can be significantly simplified using the expansion in \/m./m;.
The electron source S, is usually of order

Utife

Se~ =7 (5-1)
because the ions control the dynamics due to their large mass, and the electrons adapt
to the ions because of collisions and quasineutrality. Thus, S, is a small term in equa-
tion (2.4) by a factor of vy /vee ~ y/me/m; < 1. Moreover, the electron parallel flow
ue is of the order of the ion parallel flow because boundary conditions (3.3) and (3.5)
impose that these two velocities be equal at z = 0 and z = L, and quasineutrality keeps
the difference of the order of vy;. As a result, Ue|| ~ Ugl| ~ Vg K Vge and we can neglect
|| to lowest order in most terms in equation (2.4) — the two exceptions in which u
cannot be neglected are given in Appendix C. Finally, the effect of ionization, modeled
by Ceion ~ NpRionfe is, according to equation (4.10), of the order of f.v;;/L and thus
also small.

5.1. Electron kinetic equation

Employing the expansion in y/m./m; < 1, the kinetic equation for electrons becomes

OF, OF, OF,
'676 ( e e - F Cee Cez Cena 52
z B +w) Jn ) 4wy . WL + + + ( )
where
Zo[Fe, vie] (2, wy, t) := veew), (5.3)
_ 1 Ope 2w Oqq 9 OUte
el Fes Uels Vie] (2, Wy, t) 1= — , 5.4
ll [Fe,u It I w;?) NeMeVie 02 + 3nemev, 0z I 0z (5:4)
. 2w,  0q. Ovye
W e[Fe, ey, vee| (2, w),wy,t) := W 8,2” —wjwy 6; (5.5)
e
and
. 8’Ute Vte 6716 2 aqu
Fe[FE7ue“7vte](sz“7wj_’t) = |"LU| (3 02 — E 02 ) — W 02 Fe (56)

The modified collision operators Cee, Ce; and Ce,, are described in Appendix C. Note that,
in equations (C 1) and (C6), we have kept small terms that scale with (ug| — ue|)/vte ~
Vme/m; < 1, where s = i,n. These terms are kept to ensure that we recover the
Braginskii equations in the appropriate limit (see subsection 5.4).

We have ensured that equation (5.2) is compatible with conditions (4.7), (4.8) and (4.9)
by keeping terms that are second order in u, in the collision operators in Appendix C.
Indeed, multiplying equation (5.2) by 1, wy and w2 +w? and integrating over velocities
gives 0 = 0. Despite the fact that we do not keep ah possible terms that are second order
in \/me/m; in the collision operator, we will see in subsection 5.4 that proposed model
recovers the regimes of interest.

Conditions (4.7), (4.8) and (4.9) have to be imposed on F, when solving the kinetic
equation (5.2). One possible way to impose these conditions is to include the term OF, /Ot
in equation (5.2) so that we can evolve F, to a steady state solution. With this approach,
if F, satisfies conditions (4.7), (4.8) and (4.9) at ¢t = 0, it will satisfy them at all times.
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5.2. FElectron fluid equations

Once we know F,, we can calculate the fluid equations for electrons.
e The electron continuity equation is

one 0
pr + 3 (nete)) = —nenn Rion + / S, d3v. (5.7)

Subtracting this equation from equation (4.10) and using quasineutrality, we obtain the
current conservation equation

0
9 [ne (ui” — ue”)] = /Si B — /Se d3v. (5.8)

This equation can be used to calculate u,.
e The electron parallel momentum equation simplifies to

Op. 0
Pell + ene—¢ + Feij + nemenn Ren (Un| — Uey)), (5.9)

O:_az 0z

where

ez|| [Fea N, N,y ueH ) Uel| > Vte, Utz](z t

o 8m2e*n.n; lnA/ de/ dw, w (wy = (wi) — Ue|)/Vee) Fe (5.10)
(47eg)2mevZ, wl\ - (UiH - UeH)/”te) +w ]3/2

is the friction force between electrons and ions. Equation (5.9) can be used to calculate

the potential ¢. Since the potential at ¢(0, t) is determined by equation (3.5), we can start

integrating ¢ at z = 0. With the potential ¢(L,t) that we obtain from this integration

and condition (3.3), we can calculate the potential difference between the two walls, ¢,.
e The electron energy equation is

3 oT. oT, 8(]6“ 8ue” 1 19 3
7716 ( ot + u EH Oz ) Oz eH 92 /§me|v—ue”z‘ Ce,lond v

+/7me|v_u8|‘i|2cei |:1 +0 <m6>:| d3’U

2 m;

+/}melvfuen2|2Cm {1+O <m>} d*v
2 m;

1
+/ <2mev—u€|z| —3T>S d®v.  (5.11)

For the integral over the ionization collision operator, we use the model

1
/ 5m6|v - ueHZFCe,ion dSU = *ncnnRionEiOn, (512)

where Fj,, is the ionization energy cost that includes in it radiation from excited states.
The integrals over C¢; and C¢,, are only sufficiently large when collisions are large. In
this limit, all the species are Maxwellian and we can easily calculate the integrals over
Ce; and C., to higher order in the mass ratio expansion, finding

1 e € erer
[ Gl = v Catse £ 140 (2 )] @b Bt g,

m;

+Fq (wg) — ) (5.13)
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and

/%me|v - ue‘|2|206n[fe7fn} [1 +0 <ZE>} d3v ~ M(Tn ~T))

i m;

FneMenn Ren (Un| — ueH)z. (5.14)

5.3. Boundary conditions

These equations for electrons have to be solved with the boundary conditions in equa-
tions (3.1) and (3.4). As for ions and neutrals, the best way to impose these boundary
conditions is to transform back to f., apply the boundary conditions and then calculate
Fe, ne, Me, Ve, Pe|| and Ge|| from fe~

5.4. Some limits of interest

We finish by showing that these equations recover the desired result in the two limits of
interest: a modified Braginskii limit with neutrals, and a collisionless limit.

5.4.1. Braginskii-like equations

For the Braginskii-like limit, we use the orderings suggested in (Catto 1994; Helander
et al. 1994): we assume that the ion-ion, ion-neutral, electron-electron, electron-ion and
electron-neutral collisions are so frequent that their collision frequencies vy satisfy

Vg L m;

~ > 1, (5.15)
Uts Me

whereas the ionization frequencies neRion and n, Rion are of order vy; /L.

In this limit, the charge exchange collisional terms dominate in the ion and neutral
momentum and energy equations, forcing u;| = uy and T; = T),. We use uy| and T}, to
denote the average flow and temperature of the heavy species. By summing the ion and
neutral momentum equations (4.11) and (4.26), we find the equation for uy,,

G Qup| 0 9¢
(ni 4 np)m; ( 5 T Ul g, ) = —E(piu +Pn)) — enis

+ / m; (v — upy ) (Si + Sn) d*v. (5.16)

By summing the ion and neutral energy equations (4.12) and (4.27), we find the equation
for Tj,
3 oTy, oTy, _ 0 8uh|‘
5 (i +mn) ((’% + Uh|az> = =5, (@ + au) = iy + i) —5
3 ellte\Ves nRen ]- N 3
4 3nem (Vei + 1 )(Te —Ty) +/ (mi|v —up2|* - Th> (S; + S,) d3v.
m; 2 2
(5.17)

Note that in this energy equation, the terms due to electron-ion and electron-neutral
collisions are of the same order as the other terms.

In the electron fluid equations, the collisional friction terms in the electron momentum
equation (5.9) are comparable to the pressure and electric field terms. The electron heat
flux term and the terms related to the electron-ion and electron-neutral collisions in the
electron energy equation (5.11) are also comparable to the rest of the terms.

In the kinetic equations, the collisions dominate and lead to distribution functions that
are Maxwellian to lowest order. We can use the kinetic equations to find the corrections
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to the Maxwellian. For ions and neutrals, the corrections to the Maxwellian do not give
large contributions to either the parallel pressure or the heat flux. For the electrons, how-
ever, the correction gives important contributions to the friction force in the momentum
equation (5.9) and to the electron heat flux in the energy equation (5.11). If we write

F. = Fy + Faq + ..., with Fyy := 73/2 exp(—wﬁ —w?), we can find the equation for
F,, (Braginskii 1958),
COF, Hc(@)[ _ 2uny — ue)wy o, }+C(e { MMWFM]
Ute Ute
16m2e*n; In A wJ_w” 61(2' w, W'y, t)
F d d
+(47760)277121&6 “ M/ w”/ vl wi? 4 w'E)3/2
5\ 0 32y/metn; lnA(uh — Ugp )W
2 2 i I el /™Il
= |vee ~2) ST
lvt i <w” twy 2> 9z + 3(4meg)2m2vt,

+2”nRen(Uh|| — Ue| )W)

Fy. (5.18)

Vte

Here we have neglected the electron heat flux g, because it is proportional to Fe;.

The collision operators Cee , C(Z and Cén are the linearized collision operators, given
in Appendix D. Note that the terms proportional to uy| — u,|, needed to recover the
friction force and electron heat flux in Braginskii (1958) (see subsection 5.4), come from
the electron-ion and electron-electron collision operators in equations (C 1) and (C6).

We finish by pointing out that F, satisfies conditions (4.7), (4.8) and (4.9) to the order
that we have calculated it. Since F; satisfies these conditions, the conditions for F,q
become

27T/ de/ dwy wi Fei(z,w),wy,t) =0, (5.19)
—00 0
o0 o0
277/ de/ dwy wiw)Fer(z,w),wy,t) =0 (5.20)
—o0 0
and
o0 o0
27r/ dwn/ dwy wy (wf +w?)Fer (2w, wi,t) = 0. (5.21)
—00 0

These conditions determine the pieces of Fi; that are in the kernel of the operators in
the left side of equation (5.18).

5.4.2. Collisionless electron equations

We call this limit collisionless in contraposition to the collisional Braginsikii-like limit
discussed above, but we still keep collisions. We assume that ion-ion, ion-neutral, electron-
electron, electron-ion, electron-neutral and ion-neutral collisions satisfy

Vss/L

~ 1. 5.22
o (5.22)
The ionization frequencies 1. Rion and n, Rion are still assumed to be of order v,/ L.

In this limit, we can neglect the collisional coupling between the heavy species (ions
and neutrals) and electrons in the fluid equations. In the electron energy equation (5.11),
the dominant term is dq./0z, giving

0qe|
0z

~0 (5.23)
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In the electron momentum equation (5.9), the friction forces are negligible, giving
O ~en 99
0z — 0z

Using these results in the electron kinetic equation (5.2) and neglecting u; — u. and
Up|| — Ug) in the collision operators in equation (C 1) and (C6), we find

o g+ e @_wzavm i—ww Ovge O n.kF,
¥, MeVte 02 [F ow L7, ow | vy,

= 2 (Coe ) +Cll)). (5.25)

Vte

(5.24)

The collision operators Céf) and Céfl) are defined in Appendix D.

We can use entropy production of the electron-electron, electron-ion and electron-
neutral collision operators to solve equation (5.25). We multiply equation (5.25) by
—In(n.Fe./v3.) to find

v wg—i— . %—uﬂ% i—ww duie 9 nele 1—In nele
9z MeVte 02 "5z dw L7892 0w, vy, vy,
Ne ne e £) ¢
=—,ln< )(C +cif +ell)).
3 3 ee [ en

Ute Ute ( )
5.26

Multiplying by v}, and integrating over velocity space, we obtain

€F6
g [nevte/ <1 —1In (n‘3 )> Fewnwl dw” dwl‘|
0z Vp,

eFE C
= —ne/ln <n 3 ) (Cee + Céf) + Céff) w, dw)dw. (5.27)

Ute

Integrating equation (5.27) over z gives

eFe
[nevte/ (1 —1In (’I’LU3 )) FewHwJ_ de de]
te
L
:711@/ dz/ln (nefe
0 Ute

Conditions (3.3) and (3.5) impose that only a few electrons leave the system towards the
wall. The number of electrons that leave is small by a factor of \/m./m; < 1 and thus,
the left side of equation (5.28) can be neglected, finally giving

/OLdz/ln(

The integrand under the integral over z is the entropy production, and it is positive
unless the distribution function F, is the Maxwellian F};. Hence, F, is a Maxwellian to
lowest order in the expansion in \/m./m;.

Substituting the Maxwellian into equation (5.25), we find that the right side of the
equation vanishes. For the left side of the equation to be zero for all w and w , we need
Ovge/0z = 0 and

z=L

z=0

) (Cee + Céf) + Cg?) w de dwl. (528)

neky ) Y
’Utge ) <Cee + Cei + Cén)) w de dwl ~ (. (529)

(5.30)

ne(2,) = N.(t) exp (e‘ﬁ(z’“) .

Te(t)
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The value of N, (t) is calculated from quasineutrality,

NL(t) /OL exp (6%2)”) dz = /OL ni(z, ) dz. (5.31)

The value of T,(¢) is obtained from the electron energy equation. Integrating the energy
equation (5.11) over z, we find

3d L €¢ 5 z=L
Sdt NeTe/O exp (Te> dz| = - |:2neue|Te + (]ed .
L o 1 5
+ ene—=— — NeNpRion Eion + —mev=S, d’v | dz. (532)
0 0z 2

It might seem that the heat flux should vanish here because the distribution function is
a Maxwellian to lowest order. In reality, the real F, is sufficiently far from a Maxwellian
at large velocities to induce a significant heat flux. Indeed, to satisfy boundary condi-
tions (3.1) and (3.4), the distribution function must vanish exactly in certain regions of
phase space. Since these regions are at large velocities, the techniques used to calculate
the collisional losses into the loss cones of mirror machines can be used (Pastukhov 1974).

6. Discussion

The model that we propose is comprised of:

e the three fluid equations (4.10), (4.11) and (4.12) for ions that have to be solved in
conjunction with the ion kinetic equation (4.19);

e the three fluid equations (4.25), (4.26) and (4.27) for neutrals that have to be solved
in conjunction with the neutral kinetic equation (4.29);

o the two fluid equations (5.8) and (5.11) for electrons that have to be solved in
conjunction with the electron kinetic equation (5.2) with the modified coefficients (5.3),
(5.4), (5.5) and (5.6); and

e the electron parallel momentum equation (5.9) for the potential.

The boundary conditions for this system of equations are described in section 3.

To test the model proposed in this report, we will first extend the existing code based
on adiabatic electrons, which we prove to a be a good approximation for collisionless
plasmas in section 5.4, to wall boundary conditions. We will then explore the effect of
adding electrons. For most physics of interest, it is sufficient to use simplified ion-ion and
electron-electron collision operators, and for this reason we do not expect to implement
a full Fokker-Planck collision operator.

Appendix A. Modified collision operators for the ion kinetic equation
The modified Fokker-Planck like-particle collision operator is
CSS[FS,HS, vts](z, W, WL, t)
B 2me*ngIn A

9 OF; OF;

b0 Lo, (DLlmISE 4 DuLRIZE +PURIR, )| } (A1)

wy Ow, Ow) owy
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The coefficients needed for this collision operator are

W'
\/(wH - wi|)2 + (wy +w'|)?

wy — w))2E(k
X<K(H)( (wy — w))"E(x) 2>Fs(z,w|',wl»t)a (A2)

wy = w)? + (wy —w))

DHH[FS](z,wH,wJ_,t) = 4/ dw‘/l/o dwj_

w'y (wy — wj)
O — P (s + w2

(1 = w? — wd + wBE)
(wy — w] 2+ (wy — w,)?

D)L [Fs|(z,wy,wy,t) == 2/ dwl"/ dw',
— 00 0 U}J_

—K(/@')) Fy(z,w),w' 1), (A3)

w'y (w) —wj)
V0w = wf)? + (wi +w))?

K(r) — E(k) B E(x) !
) ((w| —w))? + (wr+w))? (w) —w))?+ (wo wi)2> Foleyupwlt)
(A5)

PylFs)(z,w, wy,t) ::8/ dwﬁ/o duw'’,

and
w'y
\/(wH - wl")2 + (wy +w'))?

y [(w) —w))? — w} +wP]E(k)
(wy = w))? + (wL —w')?

PL[FG](Z7w||7wLat) = 4/ dwﬂ/ dwl
— 00 0 wL

—K(Ii)) Fs(z,w"l,wl,t). (A6)

(1 —rk%sin®a)~/?da and E(k) := fw/z 1/2 4oy are the

Here, K (k) := /2 0

—Jo
elliptic integrals, and the function & is

(1 — K?sin® a)

4w w'
') = L . A7
o e ) V@H—Wf+ﬁu+wﬁ2 (A7
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The modified charge exchange collision operator for the ion kinetic equation is
Czn[an F’ru Uz qu P unH 5 Utis Utn](za U}” , W1, t)

3
V3 Ui — U Vi Vg
._ ti il| n| ti ti
= —npRip |:Fz - =, (Z, — + —w), —wy,t
Vi, v Vin,

tn Vtn

0 [ (un) —uwiy  wy (v} 2(up) — uy))”
R | (L (g S D )
tn aw” |:< UVt + 2 2 + 3 2

Vti Uti
naRin 0 [wd (03, 2(up ) — uy)?
n 9 WL (Vin g el W) g A8
* wy Owy { 2 (’U?l i 3 ' )

Finally, the modified ionization collision operator for the ion kinetic equation is

Ci,ion[Fn7 Te, Wil s Un||s Vtis ’Utn}(z7 W, WL, t)

3
: Ui —uw Vi Vi
. i 4| n|| ti ti
= — NeRion {Fl 3 F, (z, — + —uw, ” w,t

tn Utn Vtn tn

R d KUM | (v?; s 2(ty — U¢||)2>> Fl}
ow Vi4 2 \v

2
ti 3vy;

+ neRion 0 ﬁ % 1+ 2<un‘| _ uZH)2 E
wy Ow; | 2 \vE 3vZ, e

Appendix B. Modified collision operators for the neutral kinetic
equation

The modified charge exchange collision operator for the neutral kinetic equation is

an[an Fi,ni, Un||» Usi||» Vtn, Uti](za W), W1, t)

3
v u — Uy v (%
. tn n|| 1| tn tn
=—n;Rin {Fn -5 F (z, ——— + —w), —wy,t
vy, Vi Vi4 Vi

= 2 9 RY
+niRmi [(Uuum + | (q];’ -1+ (un”u”))) Fn:|
dwy Vtn 2

Vin 3vt2n
n;Rin 0 wﬁ_ ’Ut2- 2(un\| _uil\)Q
Diftin O NEL (Mg Sl U Y gt B1
* wy 8wj_[2 v, + v, (B1)

Appendix C. Modified collision operators for the electron kinetic
equation

The electron-electron collision operator is described in equation (A 1).
The modified ion-electron collision operator is

Cei[Fev Mgy Ui||s Ue|| 'Ute}(zv W), WL, t)

2me*n; In A 0 OF, oF, 2(ug) — ue)w
= 1+ —— F,
(4weo)2m2v§e{aw| {MII duy +/\/l|uawl + ( + S0 ) A ]

1 9 OF, OF,  2(uj — ue
+———|wy ([ MjL—+MiL + i ”)wL]'—HFe , (C1)
wy Jw, Ow) ow

3vte
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where

2
wy

[(w) = (i) — vep)/vee)? + w}]3/2

M [e))s Vee, wi ] (2, W), wi, t) 2=

M”J_ [ue\l , Utes uiH](z, w), W, t):=— [(w”(qﬂ (;il(uilu_esjlv)ti;);e—)’_ Z%P/Q , (C3)

(w) — (ugy — ue )/Ute)2
Mol sl )= G (O

and

FilFes el vees iy ) (2, 1)

— _dr o0 , oo w wl[w\lf(uil\*UeH)/Ute}Fe(Z,wH,wL,t)
- /*Ood H/O e [(wy — (ug — tep) /vie)? + w3 P2 (C5)

The modified electron-neutral collision operator is
" _
Cen [Fea Niny Un ||, Ue||, Ute}(zv W), WL, t) = —npRep |:Fe ) / s XFe(Zv Wy, WL, t) dX:l
0

+nnRen(un” —Ue|) O [(1 n 2(un|—ue|)w||) Fe:|

Vte Tw“ 3vte
2nnRen(unH - ue”)z 0 2
F, )
* 3viw, Ow . (wlFe)
(C6)

where

2
Up| — U Up| — U
EH[Uel\aUt@aunll](x’z’wﬂ’wL’t) = nHvt . +COSX\/<w| n”Ut el) +wi (©7)
€ €

and

2
. Up|| — U
WL [Ue||, Vie, Un| ] (X, 2, W), Wi, t) = SIHX\/(UJ| - nle”) +w?. (CB8)

Ute

Appendix D. Linearized collision operators for electrons

The linearized electron-electron collision operator is given by

Cé? [F(il? Ne, Ute} (Z, w” W, t)

2we*n, In A 0 0F.; 0F .1
::W { 6711)“ <D|| [FM]TU)H + IDHL[FM]% + 'PH [FM]Fel

— 2w Dy [Fex] Fp — 2wi Dy [Fea|Fy + Py [Fel]FM>

1
’LUJ_@’LUJ_

Fel
w

+ PL[Fr)Fer

}. (D1)

OF, 0
w (DM[FM]OwT + Dy [Fu] 3

- 2w\|D\|L[Fel]FM - QwL'DLL[Fd]FM + PL [Fel]FM>
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The coefficients are defined in Appendix A.
The linearized electron-ion collision operator is

Céf) [Fehnivvte](%w\h’wl_,t)

o 2metn; In A i
8711”

wi 0F.1 w|wL 0F.;

(wi +w3)3/2 Owy (wi+w?)3/2 Owy

}. (D2)

" (4meo)?mZuy,

S O B T oo 0! wi  9F,
widwy |\ (wf +wd) Gy (wf +wh)P dw,
Finally, the linearized electron-neutral collision operator is

clh) [Fet, o, Vee| (2, W), wi, t) := —npRep

Fel

1 ™
- 5/ sin y Fi1 (z,cos XA /wﬁ + w? , sin y, /wﬁ + wi,t) dxl . (D 3)
0
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