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1. Introduction

Calculation of the electrostatic potential is a challenge within the drift kinetic
approximation. This is because, without further manipulation of the drift kinetic system
of equations, there is no explicit equation to be solved for the potential: Instead, it
appears as a parameter in the drift kinetic equations for both electrons and ions, which
are then related to one another via quasineutrality. In report 2047357-TN-07-01 [1J,
we showed how the electrostatic potential could be calculated self-consistently for a 2D
drift kinetic model with a helical magnetic field and with wall boundary conditions
appropriate for open field lines. Considerable care had to be taken to obtain an
expression for the electrostatic potential. In particular, a set of fluid equations had
to be formulated for the electron dynamics, with closure via coupling to the kinetic
equation for a modified electron particle distribution function. In this moment-kinetic
formulation, the parallel electron momentum equation becomes the equation for the
electrostatic potential, with an additional complication that the boundary value for the
potential must be determined implicitly as it enters in the limits of integration for the
parallel current at the plasma boundary.

Thus far we have side-stepped the issue of calculating the potential in our
ProxyApps by using a Boltzmann response for the electron dynamics so that no electron
equations need to be solved at all. We are now seeking to address this limitation, as we
describe in this report. In particular, we have implemented the electron fluid equations
for the 141D system described in report 2047357-TN-05-01 [2], with a Braginskii fluid
closure for the electrons [3]. The main advantage of restricting our attention to the
141D case is the fact that in such a system there is no need to solve for the electrostatic
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potential itself: Instead, we need only compute the parallel electric field, and this allows
us to avoid for the moment the issue of how to solve for the electrostatic potential at
the boundary of the domain.

To begin we will provide a brief overview of the physical system we aim to model,
and provide the system of evolution equations for the various plasma species. We then
demonstrate that the implementation appears to be working by providing numerical
results and comparing with a test case.

2. Drift kinetic system of equations

We consider a plasma consisting of a single ion species of charge e and mass m;, a single
neutral species with mass m,, = m;, and electrons with charge —e and mass m,. The
plasma is immersed in a straight, homogeneous magnetic field of the form

B = Bz, (1)

where z is the field-aligned coordinate, and z is the unit vector in the direction of Vz.
We assume that the plasma is electrostatic and that the magnetic field terminates on
each end at a conducting wall. The spatial domain we consider is z € [z_, z;], with
2z, — z_ = L,. The boundaries of the domain in z are assumed to be the entrances to
the magnetic pre-sheath.

We restrict our attention to parallel dynamics only and define the marginalised
distribution function

fs(Z,U”,t) = <f8(zvvl|vvlﬂ97t)> = 277/000 dULULJE& (2)

with fs the particle distribution function for species s, ¢ the time, v the parallel
component of the particle velocity v, and the angle brackets denoting integration over
gyro-angle ¥ and the perpendicular component of the particle velocity v, .

As described in, e.g., Report 2047537-TN-05-1 [2], the drift kinetic equations
describing the evolution of the marginalised particle distribution f; for the ions and
neutrals are

of; of; e 0¢ Of;

ot + Y| Oz - m; 9z aU” = —Rin (nnfz - nzfn) + Rionnefn + Sz (3)
and
Ofn Ofn
R R N 4
ot + ) 0z Ry, (nnfl nzfﬂ) Rionne fr + Sh, (4)

where ¢ is the electrostatic potential, n, = [ dyf, is the particle density, S, = <§S>
is a marginalised source accounting for, e.g., heating and fueling, and R;, and Rj.,
are constants that determine the ion-neutral charge exchange and ionisation rates,
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respectively. The distribution function f; is related to the electron density n. via
quasineutrality: .
n; = / dvy| fi = Ne. (5)
—0

One of the main challenges in solving this system of equations is that there is no
explicit equation for the electrostatic potential. If one were to try, e.g., to solve the ion
drift kinetic equation and a corresponding electron drift kinetic equation using an
explicit time advance algorithm with ¢ at the previous time level as an input, then in
general the solutions for f; and f. so obtained would not satisfy Eq. . This procedure
could be iterated, with ¢ varied until quasineutrality were satisfied, or one could develop
an approach that guarantees satisfaction of quasineutrality from the outset. We have
presented two such approaches in previous reports: The first assumes a Boltzmann
electron response and thus avoids entirely the need to solve for the electron dynamics,
while the second uses a novel moment-kinetic approach in which the electron parallel
momentum equation can be used to solve for the potential explicitly while enforcing
quasineutrality. In this report we describe the numerical implementation and testing of
a set of electron fluid equations that can be used as the basis for the moment-kinetic
approach alluded to above.

We will assume in this report that f; and f,, can be obtained, provided ¢, either
via direct solution of the above drift kinetic equations or via the moment-kinetic
approach derived in report 2047357-TN-05-01 [2]. Our focus here will be on describing
the numerical treatment of the electron fluid equations and their relationship to the
calculation of the electrostatic potential.

3. Electron fluid equations

Electron fluid equations are obtained by taking the appropriate velocity moments of
the electron drift kinetic equation. Details can be found in [2]. The electron continuity
equation ij]

one  Oneu o
s < = e nRion d Se 6
at+az N +/OOU||7 (6)
where the parallel flow of species s is given by
- [ anus @
Usg = — vy fs-
o

The charge conservation equation, obtained by combining the electron and ion continuity
equations and enforcing quasineutrality, is

0
@ (ne (uz - Ue)) = 0. (8)

I Here we have corrected a typo in the sign of the electron ionisation particle source appearing in [2].
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Note that we have assumed [ d?v(S; — S,) is small to obtain the above result. The
electron parallel momentum equation is

Op).e 99 _
_W + 6”65 + ﬂ\ [fe7 fz] + nemennRen (un - ue) - 07 (9)

where p . is the electron parallel pressure,

Ple = /dgv mewi fe, (10)

w|| = v — U, is the parallel component of the electron peculiar velocity, R, is a constant
that determines the electron-neutral elastic collision rate, and

A= Al £)0) = [ @ mooCalfe (11)

is the parallel friction force between electrons and ions, with C.; the electron-ion collision
operator. The term proportional to S, has been neglected in @D as small in m./m;
because we order S, ~ fevwni/L,, with v = /2T;/m,.

Finally, the electron energy equation is

3 aTe 8Te 8q|| e aue 3nemeyei
2 -7 ’ T — T+ F (s —
2ne ( ot + Ue 02) ( B +D)e Bp + (T; L) + | (u; — ue)

my;
3 ellle nRen
Bemetnen p oy B (0 — ) (12)
my;
e 2 3 a
—+ /d3U (m2w - §Te) Se - nennRionEion7

where w = |v — u.z| is the peculiar speed, Ei,, is the ionisation energy cost (including
radiation from excited states), and g . is the electron parallel heat flux,

d|,e = /dgwmsw3f6~ (13)
The electron energy equation can also be expressed in terms of the electron
pressure:
Ope 20q),e 2 Ou, Ope  2MeMoly;
= 5 —— | = e e | T T WeTq - Te - T'z
ot 3 0z 3p”’ tp 0z “ 0z + m; ( )
2 2nemeny Ren 2

+ 371 (u; — ue) + % (T, — T.) + gnemennRen (U, — ue)2 (14)

2 w?
‘I’nnRion ( e — gneEion> + /d3vm3w Se‘

To facilitate our 141D treatment, we assume that the particle distribution f; and
source S, are isotropic, so that ps = pys and [ d*v(msw?/3)Ss = fdemSwﬁSs. With
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these approximations, the electron energy equation is

Opje  20qe 5 Oue Op).e

+ 277”567/61‘ ( )
— . e — Ue n; e — Te 7
ot 3 0z 3pH’ 0z 0z m;n; Pl Pl
9 2 Ray, 9
+ _E| (uz - ue) + (nepH,n - nan,e) + _nemennRen (un - ue)2 (15)
2 oo
+ N Rion <p||,e - gneEion> + / dUHmewﬁSe-

The set of fluid equations - and — require some form of closure to
calculate the parallel friction and heat flux. Ultimately, we intend to use the moment-

kinetic treatment proposed in [2], but for this report we employ the simple Braginskii

closure [3]:
oT.
F| = 0.51nmeve; (u; — ) — 0.71?%8— (16)
z
and oT
p”ye €
o= =316 — 0.71py (u; — ue) . 17
I, v Pl (U5 — ue) (17)

The set of equations —, , @D, and — constitute a closed set

of equations for f;, f,, ¢, ne, u. and pj., provided an appropriate set of boundary
conditions. We turn our attention to these boundary conditions next.

4. Boundary conditions

To ensure uniqueness of our solution, we must specify boundary conditions in z on the
ion and neutral particle distributions, and on the electron parallel flow and pressure.
For the ions, we assume that all ions that reach the end of the domain escape to the
wall, where they recombine. Thus, no ions return; i.e.,

fi(ZJr,UH < O,t) =0, (18)

and
filz—, v > 0,t) = 0. (19)

Neutrals that leave the domain are assumed to hit the wall and thermalise at the
temperature of the wall, T,,. Tons that recombine at the wall also re-enter as neutrals.
The resulting boundary condition on the neutrals is

fn(Z,,UH > O7t) = F,wa(U“), (20)

and
fn(z-i-avH < Ovt) = F-i-.wa(UH)a (21)

where

frw(v)) =3V (2@;)3/2 |y exfe ( QmTw !Un() (22)
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is the (marginalised) Knudsen cosine distribution [4], and

I'_ = Z /OodU” ‘UH‘ fS(Z_,’U”,t) (23)

s=i,n "

and -
F_|_ = Z / dUH |UH| fs(z+, (P t) (24)
s=1i,n 0
are the combined fluxes of neutrals and ions towards the walls at z = z_ and 2z = z,,
respectively.

For electrons that leave the domain, their parallel energy & = mevﬁ /2 — e
is conserved. As a result, electrons with parallel speeds greater than v.; =
V2e(p(24,t) — dw)/me at z; reach the wall, with ¢,, the potential of the wall beyond
z = z4; electrons with speeds less than v. 4 are repelled back into the domain:

fe(zp, =, t), |yl < ves
fe(Z—i-,UH < O,t) = { H | (25)
0, ‘U||| > Ve,
The boundary condition at z = z_ is similar:
elz—, =, 1), || < ve—
fe(Z_,UH > O,t) — f ( H ) ‘ ||| ) (26)
O, ‘U||| > Ve, —,

where v, = \/2e¢(z_,t)/m., and we have chosen ¢ to be zero at the wall beyond z_.
Integrating the charge conservation equation and using — gives a
constraint on the parallel current at the domain boundaries:

0= J||(Z+, t) — J||(z,, t) = /0 dUHU||fi<Z+, || t) — / dU||Uer(Z+, || t)
0 (27)
- /_ dvjvy fi(z— vy, t) +/_ dvjvy fe(z— vy, 1).

Note that there is no contribution to the electron current from particles with |v)| < ve 4
at z = z; nor from particles with |vj| < v, at z = z_. This is because the outgoing
current of electrons with these speeds is cancelled by the return current of these electrons.

As proposed in [2], we simplify our system by assuming that the parallel current
into the wall vanishes individually at each boundary; ie., Jj(z4,t) = Jy(2-,t) =
0. Combined with quasineutrality, this imposes uq(z+,t) = u;(z4,t). The charge
conservation equation can then be integrated to find u, = u; for all z.

Our boundary condition on p . is chosen based on the physics we intend to model;
for the cases considered in this report, we either set T.(zx,t) = Ti(24,t) (when v,; is
large) or we assume that the electron temperature is constant throughout the sheath
so that T.(z+,t) = T,, (when we wish to force a Boltzmann electron response), with T,
the temperature of the wall.
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5. Normalisations

The normalisations used in the code are given in Table [T}
The normalised drift kinetic equations for ions and neutrals are

of, _0fi 1060fi = (. i _\ . 5 - =
~ 5 as = —Ri, nJi — TiJn Rion eJn Sz 28
i "%z T 20z 0 (7nfi = 1) + Roonfcn + (28)
and - _
afn afn D ~ r ~ 7 D ~ 7 o
8t +v || 0z - Rin (nnfz - nzfn) - Rionnefn + Sn (29)
The normalised electron fluid equations are
Ne = ﬁza (30)
& (e (=) = 0, (31)
e | Te 0P _
— ) F — = 2
B + 5 9 a~ + [f + nemennRen (un ue) 07 (3 )
and
P).e 20G 5_ Ot Opje 3
—= =—c : a_ 2m elVei 7 e
o~ 30z 3l Uegr el (Bl — D)
2 -~ 2 -
+ 3F1H ( - ue) + 2meRon (ﬁeﬁﬂ,n - ﬁnﬁ“,e) + gﬁemeﬁnRon (an - ﬂ/e>2 (33)
. 2 .
+ ﬁnRion <ﬁ||,e - g e 1on> + Pea
where

- 1 o0 o=
P, = ﬁ /_OO vaewﬁSe. (34)

The zero current boundary condition at the wall, combined with quasineutrality
and charge conservation , imposes ., = ;.

6. Numerical approach

A detailed description of the space and time discretisations employed in the code can
be found in report 2047357-TN-14 [5]. Briefly, we employ an explicit time advance
algorithm (a strong-stability-preserving Runge-Kutta variant) to evolve the ion and
neutral particle distribution functions, as well as the electron parallel pressure. A
Chebyshev spectral element scheme is used for the spatial discretisation. Solution of
the coupled equations proceeds schematically in the following way:

e Solve the ion and neutral drift kinetic equations for f; and f,, within a
Runge-Kutta stage, given the parallel electric field Ej at the previous time step,
and subject to the appropriate boundary conditions —.
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normalised
variable definition
t t(cret/ Lret)
z 2/ Lyet
U) vy/Cs
w w/cs
N N/ More
U Us [ Cref reference
D), Dll,s/ (2N0efTrer) quantity definition
qll,e 41,5/ (2nrefTretCret) Lt =L, ref. length
T, T/ Tret Tt ref. temperature
) ed/Tret Nyof ref. density
E. eLietE, [ Tret Cref /2T et/
R, R (Mot Lot/ Cret) m; ion mass
Rion Rion (Mot Lret/ Cref)
Eion Eion/(2Trer)
Vei Vei(Lvef/ Cret)
fs Fo(eam'? [niyer)
| Fy(Lyet/ 20T ret)
Ss Ss(Loetm/? [Tiyes) (Cs / Cret)
Me Me /My

Table 1. Definitions for normalised and reference quantities used in the report. Note

that c¢s = cregr/my /M.

e Solve the electron energy equation to update pj . within a Runge-Kutta stage.

e With f; and f,, updated, calculate the ion density and parallel flow, and set n, = n;
and u, = u; at the new Runge-Kutta stage.

e Solve the electron parallel momentum equation for the parallel electric field
Ey.

e Repeat.

7. Numerical results

We first provide numerical results testing the code implementation and then provide

preliminary results for a more general case.
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7.1. Boltzmann electron test
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Figure 1. Comparison of simulation data for a pair of simulations, one of which
has a hard-wired Boltzmann response for the electrons (“Boltzmann”) and the other
(“evolved”) solves the electron fluid equations outlined in this report. Clockwise from
top left to bottom left is the electron density, electron parallel flow, parallel electric
field and electron temperature.

For the Braginskii fluid closure we are employing, whenever 97, [0z =0 = Ren,
the electrostatic potential that satisfies the electron parallel momentum equation (32))
is <;~5 = T.In#,; ie., there is a Boltzmann electron density response. This is because
the parallel friction ]5” vanishes (recall that @, = @; everywhere due to the zero parallel
current boundary condition). A homogeneous electron temperature can be assured at
all times by judicious choice of P, and a homogeneous initial condition for 7,. The
necessary P, (with R., = 0) is
P = 2P — 2B (i~ ) + S iic B, (35)
Using this source, initialising with a homogeneous electron temperature and neglecting
electron charge exchange collisions, we obtain the results given in Fig. [T} Input files with
the numerical parameters used can be found in [6] and [7]. The excellent agreement with
a simulation run with a hard-wired Boltzmann electron response gives us confidence that
our numerical implementation is working properly.
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7.2. equilibrium with Braginskii closure

Sample results from a simulation with large electron-ion collision frequency — for which
we expect T, = T; — are given in Fig. 2] We see that indeed T, = T; to a good
approximation across most of the z domain. The results actually look quite similar
to those from simulations with an assumed Boltzmann electron response. This is
not entirely surprising, as the ion temperature profile is largely flat and u; = wu,. so
that the only deviation from a Boltzmann response present in the electron parallel
momentum equation is the electron-neutral charge exchange. There is some roughness
in the parallel electric field profile (see the bottom right plot in Fig. [2)) that could use
further exploration, but otherwise the profiles are fairly smooth and the simulation
well-behaved. Inputs for this simulation can be found at []].

2.5 2
1.5 + . J
2+ | ion
1+t neutral -
1.5 + . | 0.5 + J
ion
& neutral 'S 0 b
1+ 7 —-0.5 - 7
0.5 - E —1r i
—1.5 - e
0 L L L L L _2 L L L L L
—-0.6 —04 —-0.2 O 02 04 0.6 —-0.6 —04 —0.2 O 02 04 0.6
z z
3
40 + E
2.5 + -
2 L | 20 I |
'~ 1.5 F B quN 0 r B
1+ ion —— ) —-20 E
05 L neutral —— |
: electron —— 40 - i
0 L L L L L L L L L L
—-0.6 —-04 —-0.2 O 02 04 0.6 —-0.6 —-04 —-0.2 O 02 04 0.6
zZ z

Figure 2. Steady-state moments of the ion, neutral and electron distribution functions
for a simulation with all collisional terms included (and notably, 7.; = 10°) and the
Braginskii fluid closure.

8. Discussion

With this report we have demonstrated that our code now has a functional, time-
dependent fluid model for electron dynamics that can be used to calculate the
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electrostatic potential. Our immediate aim going forward is to improve the closure for
this fluid model; in particular, we hope to use the moment-kinetic approach proposed
in [2] in place of the Braginskii closure employed here. This will be significant in that it
will introduce the need to solve for both the electron particle distribution function and
the electrostatic potential itself (rather than the parallel electric field that we solved for
in this report), a non-trivial complication both conceptually and numerically.

Appendix A. Supporting documentation for the simulations

The simulations used to create the data presented in this report were generated by the
branch https://github.com/mabarnes/moment_kinetics/tree/electrons, with the
latest commit at the time of writing being 9b68be0.

In this appendix we give URL links to the input files used to generate the simulation
data. To run a simulation use the following command:

$ julia -03 --project run_moment_kinetics.jl input.toml

with input.toml replaced by the appropriate input file name.

The input files for the Boltzmann response test can be found at [7] (for the run
with the Braginskii closure and heat source needed to force a Boltzmann solution to
the electron fluid equations) and [6] (for the run with a built-in Boltzmann electron
response). For the simulation with Braginskii closure and large v,; (corresponding to
Fig. [2), the input file can be found at [g].
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