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1. Introduction

We expect that one of the biggest challenges in numerically solving drift kinetic equations
in the plasma edge is treating the motion of electrons along the magnetic field. Because
the electrons are light, they move rapidly along the field, placing a severe stability
restriction on the step size for explicit time advance schemes. Unfortunately, an implicit
treatment is not straightforward due to an implicit dependence of the electrostatic
potential on the charged particle distribution functions. One of the main aims of
our research is to develop and test a novel analytical model and associated numerical
algorithm for relaxing this restriction. As a first step towards this goal, we developed a
new code in the programming language Julia to simulate a simple drift kinetic model for
parallel dynamics [I]. We then extended the code to simulate a modified set of equations
in which the density is removed from the particle distribution function and is evolved
separately using the continuity equation [2]. In this report we describe the numerical
implementation of the full ‘moment-kinetic’ model, in which the particle density, parallel
flow and parallel pressure are evolved separately from a modified particle distribution
function. Numerical results are presented to demonstrate that the relevant conservation
properties are satisfied to machine precision and that the moment-based approach passes
the linear damping benchmark developed in [11 [3].

2. Model equations

A detailed derivation of the drift kinetic model we consider, as well as the full moment-
based model, is provided in our Jan 2021 report [3]. For the Reader’s convenience
we produce first an overview of the drift kinetic model and then of models in which
combinations of the density, parallel flow and parallel pressure are separately evolved.
The system we consider consists of a single ion species of charge e, a single neutral
species, and an electron species modelled as having a Boltzmann response, all immersed
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in a straight, uniform magnetic field in the z direction. We allow for charge exchange
collisions between ions and neutrals but do not account for intra-species collisions.
Finally, we assume that the plasma is homogeneous in the plane perpendicular to the
magnetic field. With these assumptions, our model system of equations is
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with f, = f didv, v, F, the marginalized particle distribution function for species s,
v and v, the components of the particle velocity parallel and perpendicular to the
magnetic field, respectively, ¥ the gyro-angle, m; the ion mass, ¢t the time, ¢ the
electrostatic potential, and R;, a charge exchange collision frequency factor.

For our boundary conditions, we impose periodicity on fy in both z and v, with
periods L, and Ly, respectively. There is also the option to impose zero boundary
conditions on z and v at the upwind boundary of the domain. As f, should go to zero
at v — $00, imposition of zero boundary conditions and periodic boundary conditions
should be equivalent as long as L, is sufficiently large. Note that with either choice of

boundary conditions, the line-averaged density fOLZ dz ng should be conserved.
We normalize Egs. - by defining
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with ¢, = /2T, /ms. In terms of these normalised quantities, Eqs — become
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and

2.1. Moment approach: density

We now define the modified distribution function gs = fs/ns so that f dvjgs = 1. In
terms of gs, the system of equations given by Eqgs. . ) becomes
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Note that the 1D continuity equation has replaced the moment equation as a
means of computing the density for each species.
Substituting the continuity equation into the drift kinetic equations

and gives
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We normalize Egs. — by using Egs. @— and by further defining

Js = gscs\/T (23)
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and )
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The above form for the equations is appealing because it maintains the form of
an advection equation with the only modification being the addition of source terms.
However, it can pose challenges for numerical conservation of quantities such as the
Oth velocity moment of g,. This is because parts of the source terms must cancel
upon velocity space integration with some of the advective terms. To ease the task of
preserving conservation properties numerically, the equations can be manipulated into
the following form in which such cancellations can be built into the discretisation:
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and

2.2. Moment approach: parallel flow

The parallel flow can also be evolved separately by switching from v as a coordinate

to w = v —u. With this change of variable, the normalised kinetic equations
and become
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and
agn ﬁH aﬁngn aan ~ aan ~ aﬁJn agn 5o~ i~ ~ gn aﬁnan
s T - = nTA~ = ~:_Rini n — Ui o ~ 36
of w0z \ai " "az Tz ) o (o =9+ 5 —57 (36)
with 4, determined by the momentum equations
O Ou; op).i 0
min; (a—i + 81; > =— gi - enia—f + m Rinning, (un — u;) (37)
and 9 9 9
My Ny <% + un%> = — gin + mp Rinning (u; — uy,) , (38)
where -
p”’S = / dw”mswﬁfs == nSTH,s. (39)
Substituting the momentum equations and into Egs. and gives
0g; w|+u;0n;g; . 0g; = g; On;t;
= T im— = — RN (9i — gn) + = —2 40
ot + i’ 0z +u, ow 7in (Gi = Gn) + n; 0z (40)
and OGn ) + Tin O 95 G Ot
dn w Up ONpGn . In 5o~ o~ ~ gn ONpUp
~ ngn~ _Rin i \Yn — Gi =~ = 41
ot * T, 0z “, ow) i (9 g)+nn 0z (41)
with 9% | 95
. - OU; D), = . -
= — — — R — Uy 42
W= —Ogs 2 s Rintin (U — ;) (42)
and 55 | 9
. 7 un _p||,n_~.~A ~ o~
W), = —W) FER T Rinn; (; — @) (43)
where » »
~ . II,s I|,s
= = ) 44
Ple = Noma? |~ 2N.T. (44)
We choose to evolve the momentum equations in conservative form:
9 (miniu;) = —= (p; + mingu;) — en;— + m; Rigngny, (w, — u;) (45)
ot (RATA B I|,2 i1ty zaz ¢ Llin/tilon (Un i
and
2(mnu):—g(}) + mpnntl) + my Rinning, (u; — uy,) (46)
ot nlinUn Oz [|,n nlin Wy nAlUnllilin \ Wy n)
which, when normalised, become
0 0 00 -
g (itt;) = T (D) + nsti;) — %a—f + RinTiifiy, (i, — ;) (47)
and
(i) =~ (P + i) + R (1, — i) (48)
A nlUn) = —5= n npu, inTtiTn (U Up,
ot 5z Pl



Numerical study of moment-based drift kinetic model with periodic BC's 6

2.3. Moment approach: parallel pressure

We additionally separate the parallel pressure (or, equivalently, the thermal speed) by
changing variables from the peculiar velocity to the modified peculiar velocity w), given
by

’UH — Ug

(49)

w| =
Uth,s

where vy, s = /27 s /ms. Note that T),s is related to the distribution function via the
equation of state,
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and the other relevant moments of the distribution function are expressed in terms of
the modified peculiar velocity as
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and (s,s") = (i,n) or (s,s") = (n,i). To obtain this result, we made use of the momentum
equations — and the energy equation,
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We next define a modified distribution function that allows for separate treatment
of the density and parallel pressure:
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In terms of g, the drift kinetic equation is
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Finally, we normalise the various equations. The normalised distribution function
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multiplying each term by /7L, /cs:
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Note that in these coordinates the normalised particle distribution function should
satisfy the following properties related to particle number, momentum and energy

conservation: )
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3. Numerical implementation

A detailed description of the time and space discretisation employed in the code is
given in [2], and the code itself is publicly available at https://github. com/mabarnes/
moment_kinetics. Here we focus on a novel extension to our algorithm that is necessary
to ensure exact numerical satisfaction of the conservation properties —.

The currently-favoured approach in the code for satisfying exactly the desired
conservation properties is to correct the numerical solutions for n and g at the end
of each time step. For the density, one can set

dz ﬁm+1
nm—i—l — ﬁm—l—l + n™ (1 - f ) ’ (73)
[ dznm
where 7™ is the updated solution (at time level m + 1) to the continuity equation

before applying any conserving correction. This guarantees that [ dz (n™™' —n™) = 0.
Note that the superscripts here refer to the time level, not the element index. The
additional error in the density introduced by this correction is

- (1_ Jdz ﬁmﬂ) o (1_ Jdz (ng;;+em))

fdz nm fdz nm (74)
= nm—sz :Lm = O(em)y
z
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exact

where €™ is the error due to numerical discretisation, and n is the solution for A™*!

in the limit €™ = 0.
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A similar technique can be applied to conserve [dwyg = 1, [dwjw g = 0 and
|/ dw”wﬁg = 1/2, where here we are focusing on the case in which the density, parallel
flow and parallel pressure are all evolved separately. In particular, we set

~m-+1
m+1 ~m—+1 m ~m-+1 mfdw”ng
g =4g""+g <1—/dw||g )—wugE—m
J dwjwigy
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where §gm*!

is the updated solution to the drift kinetic equation before applying any
conserving correction and gg(wy) = (g(w)) + g(—wj))/2 is the even-in-w component of
g. Again, the additional error in g associated with this correction is O(6™), where ™ is
the discretisation error. The correction ensures that [ dw; g™ =1, [ dwjwg™™ =0
and f dw”wﬁg’wrl = 1/2, provided the corresponding properties are satisfied for ¢g".

It is thus critical to carefully choose the initial conditions in the code so that
these properties are initially satisfied to machine precision. To do this we first set
initial conditions on the density, parallel low and parallel pressure profiles, and then
set the initial, normalised distribution function, ¢°, to be an even function of w|. The
constraint that ¢° be even is not necessary, but is currently chosen for convenience as
it automatically ensures that [ dwjwg” = 0. This initial distribution function is then

corrected in a manner analogous to ¢+t

go _ §—0+ 1_ fdw”wﬁgo wﬁgo - gO
Jdwig® \2  [dwg® Jdwwig® [ dwg®

) [ wid’ 7
/ </ el (f dwjuwtg® fdquO))

This approach is simple, does not change the order of accuracy of the discretisation

above:

scheme and allows for the use of numerical dissipation to improve numerical stability
properties. Results showing its efficacy are given in Sec. [4]

4. Numerical results

To benchmark our numerical implementation of the moment-based approach
encapsulated in Eqgs. —, we compare our simulation results with the analytical
benchmarks developed in [3] and with the numerical results obtained by directly solving
the kinetic system corresponding to Egs. —. We note that the results obtained
with separate evolution of only the density (Eqgs. —) and of only the density and
parallel flow (Egs. (40)-(48))) are almost identical to the ones presented here in which
all three of the lowest-order moments are evolved separately. The results reported here
were obtained using the conserving corrections given by Egs. [73] and [75]
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We have initialised the modified distribution functions for the ions and neutrals to
be of the form

Js = exp (—wﬁ) . (77)

The initial temperature T is chosen to be T,, which is constant along z, and the initial
density is chosen to be 1y, = is + dn, with g = [ dz(ns/N.)/L, the field-line-averaged
density, normalised to the z-independent electron density N.. The piece of the density
that varies along z, dng, is chosen to be small compared to s (dng/ms = 0.001) so that
the system of equations can be linearised to a good approximation. This facilitates
comparisons with the linear analytical theory presented in [3]. For all cases shown
here, m; = 1, = N./2, T, =T, =T, and m; = m,,. The charge exchange collision
frequency is varied, and damping rates and frequencies are extracted by considering the
time evolution of the spatially-varying component of the electrostatic potential, d¢. In
particular, a least-squares fit for d¢(t)/d¢(to) is done for each simulation to a function
of the form exp(—~(t — ty)) cos(wt — @)/ cos(wty — ) to obtain the damping rate ~,
frequency w and phase ¢. The results are given in Fig. [ There is good agreement
across a wide range of charge exchange collision frequencies, both for the damping of
finite frequency modes (corresponding to the solid lines) and to a zero frequency mode
that appears at larger collisionalities (dashed-dotted lines). The minor discrepancy
between the analytical and numerical damping rates that is apparent for the case with
normalised charge exchange collision frequency near 0.7 is due to the simultaneous
presence of both modes with similar damping rates.

2.5 —0.2
//‘-
2 L analytical — | —04 - PRt i
kinetic e P
— 151 moment-based o | » -0.6 1\4;
U: : 'H"\Fo§_.\ i
S = 0.8 - ~
~ 1} g ~ 7 .
3 < 4L 7 analytical —
S kinetic e
0-5 | 19 L 7/ moment-based o
Op-----7----- G- - e - - e 14 LY ! ! \
0 0.5 1 1.5 2 0 0.5 1 1.5 2

(ni + nn)Rin/ ‘k”CZ (TL,‘ + nn)Rin/ ‘k”CZ

Figure 1. Normalized damping rate and real frequency as a function of the charge
exchange collision frequency.

In Figure [2] we show the difference in conservation properties between cases
for which the conservative corrections indicated at the beginning of the Section are
employed and those for which no conserving correction is applied. With the conservative
implementation, all of the requisite moments of the modified distribution function are
conserved to machine precision, regardless of numerical resolution.
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Figure 2. Time traces of the deviation from exact conservation of the moments
fdewh”g for low-resolution (N, = 9 on one element, N, = 9 on five elements)
simulations with normalised R;, = 0.3. Solid and dotted lines correspond to
simulations with and without conserving corrections, respectively.

5. Future plans

Now that we have a proof-of-concept implementation of the moment-based approach to
solving the 1+1D kinetic problem with periodic boundary conditions, we plan to extend
the model to treat wall boundary conditions.
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